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a b s t r a c t
Amonolithic model of local direct resistance heating of thin sheets is presented. Themodel
respects all material nonlinearities of the system such as the temperature dependences
of physical properties of individual parts of the system. Numerical computations are
performed by a finite element method of higher order of accuracy and realized by our own
codes Hermes2D and Agros2D. Themethodology is illustrated by a typical example, whose
results are discussed.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Direct resistance (conduction) heating is a technology that is used in numerous industrial processes. One of its goals
is local softening of both magnetic and nonmagnetic electrically conductive materials or work-pieces for subsequent hot
forming or stamping. A number of examples can bementioned. [1] gives an application of this technology to fast continuous
bending of rods without any surface cracks, while [2–4] deal with local heating and subsequent forming or punching of thin
ferromagnetic sheets. A more comprehensive review of the above technology and its employment can be found in [5,6].
The process of heating is generally characterized by a considerable consumption of electric energy. This is particularly
the case for steel, when the material must be heated above its austenitization temperature (which is usually about 800 °C).
In order to reduce the amount of energy, the process should be optimized appropriately. Nowadays, the cheapest way of
doing that is by mathematical and computer modeling.
Themathematicalmodel for direct resistance heating of steelmaterial consists of twopartial differential equations (PDEs)
describing the time evolution of the distribution of the current and temperature fields in the heatedworkpiece. The problem,
moreover, is nonlinear due to the temperature dependence of the physical parameters (electrical and thermal conductivities
and specific heat) of the system; some of them vary nonlinearly, within a relatively wide range of values. That is why the
task must be solved numerically.
The accuracy of the results depends on several factors. The first one is the input data. Even when geometry of the system
is known, problems may occur with knowledge of the above-mentioned temperature-dependent physical properties of
the system. The second factor is represented by the level of coupling of the current and temperature fields that affect
one another. A further factor is given by correct setting of the boundary conditions. While there are usually no problems
with determination of these conditions for the current field, from time to time one has to face problems connected with
determining the convection and radiation of heat from particular elements of the system (for example, the coefficients
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Fig. 1. A typical arrangement for direct resistance heating of thin sheets and their subsequent forming.
characterizing the convection and radiation of heat may also be functions of temperature). And the last factor is given by the
accuracy of the selected algorithms and quality of the convergence and stability of the corresponding nonlinear numerical
processes.
Throughout the years, several more or less sophisticated numerical methods for mapping of the above phenomena have
been suggestedwith the aim of anticipating their time evolution.While the older ones were based on a low level of coupling
of both fields and neglected or simplified temperature dependences of various material parameters, in the last decade
powerful algorithms have emerged that allow sufficiently accurate processing of two-dimensional (2D) and even three-
dimensional (3D) tasks of this kind. We can mention [7], in which the above temperature dependences are approximated
by linear or exponential functions, or [8], in which the same parameters are described by tables.
We present another sophisticated model respecting all material nonlinearities of the system (that are stored in the form
of the spline functions). The model is then solved numerically by a fully adaptive finite element method of higher order of
accuracy in the monolithic formulation using own codes Hermes2D and Agros2D.
2. Formulation of the technical problem
The task to be analyzed deals with hot forming (stamping) of thin ferromagnetic sheets in a system consisting of a press,
bed, and copper electrodes fed from a source of direct current (current sources ensure a better controllability of the process
than voltage sources). The current passes through a selected part of the sheet and produces in it the Joule losses that heat
mainly its part between the electrodes. The process is depicted in Figs. 1 and 2.
After the sheet is heated to the required temperature (suitable for stamping), the source of the direct current is switched
off, and the upper press forms the sheet to the desired shape. In this case, it is possible to heat very fast and accurately just
the required part of the sheet, while the physical properties of its more distant parts remain almost unchanged.
3. Mathematical model
The mathematical model of the problem consists of two partial differential equations describing the current and
temperature fields in the system. Both equations are mutually coupled due to the dependence of its physical properties
on temperature and Joule heat produced in the heated material.
The current field is governed by the equation [9]
div J = div (γ E) = −div (γ grad ϕ) = 0, (1)
where γ is the electric conductivity, J denotes the vector of the external current density, E stands for the vector of the electric
field strength, and ϕ is the electric scalar potential. The boundary condition to (1) is the distribution of the current density
J on the contacts of the electrodes.
The external current density J produces in electrically conductive parts volumetric Joule losses pJ given by the
expression
pJ = |J |
2
γ
. (2)
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Fig. 2. Particular phases of the process (dimensions are in mm).
The nonstationary temperature field describing the distribution of temperature T in the body is governed by the
equation [10]
div (λ grad T ) = ϱcp ∂T
∂t
− pJ, (3)
where λ is the thermal conductivity, ϱ denotes themass density, and cp stands for the specific heat at a constant pressure. All
these parameters are temperature-dependent functions. The external boundary of the body is characterized by convection
and radiation that can be quantified by the formula
− λ∂T
∂n
= αg(T − Text). (4)
Here, αg denotes the generalized coefficient of the convective transfer of heat that is modified appropriately and also
respects the radiation. Text denotes the temperature of the external medium and n is the direction of the outward normal.
Both copper electrodes are intensively cooled by water.
4. Numerical solution
The numerical solution of the mathematical model (Eqs. (1) and (3) was obtained by a fully adaptive finite element
method of higher order of accuracy. It is amodern version of the finite elementmethod combining finite elements of variable
size (h) and polynomial degree (p) in order to obtain fast exponential convergence [11].
The automatic adaptation of hp-meshes significantly differs from the adaptivity in standard methods of this kind. This
implies that traditional error estimates (one number per element) do not provide enough information to guide the hp-
adaptivity. One needs a better knowledge of the shape of the error function ehp = u − uhp, where u is the exact solution
and uhp denotes the solution obtained in a particular step of the hp-process. In principle, it might be possible to obtain this
information from the estimates of higher derivatives, but this approach is not very practical. Usually it is easier to use a
reference solution, i.e., an approximation uref, which is at least by one order more accurate than uhp. The hp-adaptivity is
then guided by an a posteriori error estimate of the form ehp = uref − uhp. More details on the automatic hp-adaptivity on
meshes with the hanging nodes of an arbitrary level can be found in [12].
Our group has been developing two codes based on the above algorithms called Hermes and Agros [13,14], both of them
being distributable under GNU General Public License. Hermes is a library of numerical procedures based on the higher-
order finite element techniques and Agros represents a user’s interface with a powerful preprocessor and postprocessor.
Both codes are characterized by the presence of the unique features specified below.
• The system of generally nonlinear and nonstationary PDEs (in the weak formulation) is solved in a monolithic form,
which means that the resultant numerical scheme forms just one stiffness matrix.
• Fully automatic hp-adaptivity. In every iteration step the solution is compared with the reference solution (realized on
an approximately twice finer mesh), and the distribution of error is then used for selection of candidates for adaptivity.
Based on subtle algorithms, the adaptivity is realized either by a subdivision of the candidate element or by its description
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by a higher-order polynomial. At present, both codesworkwith elements up to the tenth order (thismeans that the order
of the approximating polynomials may reach 10).
• Each physical field is solved on a different mesh that best corresponds to its particulars. This is of great importance,
for instance, for respecting the skin effect in electromagnetic field, boundary layers in the field of flow, etc. Special
sophisticated higher-order techniques ofmapping are then used to avoid any numerical errors in the process of assembly
of the stiffness matrix.
• In nonstationary processes every mesh can develop in time, in accordance with the real evolution of the corresponding
physical quantities.
• Easy treatment of hanging nodes appearing on the boundaries of subdomainswhose elements have to be refined. Usually
the hanging nodes bring about a considerable increase of the number of the degrees of freedom (DOFs). The code contains
higher-order algorithms for respecting these nodes without any additional refinement of the external parts neighboring
with the refined subdomains.
• Curved elements able to replace curvilinear parts of any boundary by a system of circular or elliptic arcs. These elements
mostly allow reaching highly accurate results near the curvilinear boundaries with a very low numbers of DOFs.
As mentioned before, first the particular equations are transformed into the weak form. This will be illustrated in Eq. (3)
for an axisymmetric arrangement (that is to be investigated) rewritten in cylindrical coordinates in the form
1
r

∂
∂r

λr
∂T
∂r

+ ∂
∂z

λ
∂T
∂z

− ϱcp ∂T
∂t
= −pJ, (5)
which is defined on the definition area Ω with boundary Γ . First, one must multiply both sides of the equation by the
product rv, where v is any suitable testing function satisfying the prescribed boundary conditions, i.e.,
∂
∂r

λr
∂T
∂r

v + ∂
∂z

λ
∂T
∂z

rv − rvϱcp ∂T
∂t
= −pJrv. (6)
Now one applies the Green theorem to (6). This provides
Ω
rλ

∂T
∂r
∂v
∂r
+ ∂T
∂z
∂v
∂z

dΩ +

Ω
rvϱcp
∂T
∂t
dΩ −

Γ
rvλ
∂T
∂n
dΓ =

Ω
pJrvdΩ (7)
and, after substituting the boundary condition for ∂T/∂n from (4), one gets
Ω
rλ

∂T
∂r
∂v
∂r
+ ∂T
∂z
∂v
∂z

dΩ +

Ω
rvϱcp
∂T
∂t
dΩ +

Γ
rvλ
α(T − Text)
λ
dΓ =

Ω
pJrvdΩ. (8)
After a simple modification, one finally obtains
Ω
rλ

∂T
∂r
∂v
∂r
+ ∂T
∂z
∂v
∂z

dΩ +

Ω
rvϱcp
∂T
∂t
dΩ +

Γ
rvαTdΓ =

Ω
pJrvdΩ +

Γ
rvαTextdΓ . (9)
The time derivative in the second term on the left-hand side of (9) can be approximated by several more or less
sophisticated ways in Hermes2D (in the case solved we used, after evaluating a series of numerical experiments, a very
simple implicit Euler scheme).
Computation of particular integrals in (9) is carried out numerically. Hermes2D uses Gaussian quadrature formulas for
this purpose.
5. Illustrative example
The basic dimensions of the main parts of the system (electrodes and sheet) are given in Fig. 2. The electrodes are made
of copper, and the sheet of thickness 0.5 mm is made of carbon steel CSN 12 040 of Czech provenience. For illustration,
Figs. 3–5 show the temperature dependences of the physical parameters (electrical conductivity γ , thermal conductivity λ,
and product ϱcp of the above steel.
Analogous dependences for copper (material of the electrodes) can be found, for example, in the database [15].
A serious problem is to set correct boundary conditions for the temperature field. With respect to a very good thermal
insulation of the whole device, we considered just a small transfer of heat by convection, characterized by the coefficient
α = 3 W/m2 K. Both external and internal surfaces of the electrodes are permanently cooled by spraying water of
temperature Text = 50 °C. Here, we put α = 2000 W/m2 K, while radiation from the wet surface was neglected. We are
aware that the real coefficientsmay differ; on the other hand, theirmore realistic values could be found only experimentally,
using a suitable indirect method.
The problem was first solved as a fully nonlinear task. The computations were based on applying the Newton method,
where in each iteration step the values ofmaterial parameters characterizing particular cells of the discretizationmeshwere
adjusted to the corresponding values of temperature (these dependences were approximated by cubic splines). The results
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Fig. 3. Electrical conductivity γ versus temperature T for carbon steel CSN 12 040.
Fig. 4. Thermal conductivity λ versus temperature T for carbon steel CSN 12 040.
Fig. 5. Heat capacity ϱcp versus temperature T for carbon steel CSN 12 040.
Fig. 6. Discretization mesh for the solution of current field after the process of the automatic adaptivity at time t = 4 s (the rectangles on the right-hand
side denote the orders of particular elements).
were (in the second step) compared with other results obtained for constant material parameters selected for temperatures
20 °C, 500 °C, and 1000 °C, respectively.
The most interesting results follow. Fig. 6 depicts the mesh for the solution of the current field after the process of the
automatic adaptivity at time t = 4 s. Very small elements can be observed at the place where the electrodes are in contact
with the sheet and where the values of the field current density reach their maxima. The number of DOFs is 1317, and
the solution of the system exhibits an error of 0.4% compared to the reference solution. The maximum order of elements
is 5.
4730 P. Karban et al. / Journal of Computational and Applied Mathematics 236 (2012) 4725–4731
Fig. 7. Distribution of temperature after the process of the automatic adaptivity at time t = 4 s.
Fig. 8. Time evolution of temperature along the longitudinal axis of the heated sheet at several time levels.
Fig. 9. Time evolution of temperature at selected points of the radius.
Fig. 7 shows the distribution of temperature in the same time t = 4 s. It is obvious that temperature only grows in the
area between both electrodes.
Fig. 8 contains the distribution of temperature along the longitudinal axis of the heated sheet. Again fast heating of the
sheet between the electrodes is very visible. Fig. 9 depicts the time evolution of temperature at several points along the
radius. The desired heating to T = 1000 °C is achieved at time t = 4 s.
Finally, Fig. 10 compares the nonlinear solution to the problemwith the solution using the constant physical parameters
at the point with the highest temperature. It is obvious that within the interval of temperatures from 20 °C to 1000 °C the
linear solutions strongly differ and do not correspond with the real process.
6. Conclusion
The results show that the models of resistance heating (and the same holds also for induction heating) must respect all
nonlinearities of the process in order to obtain a realistic map of the time evolution of the process. As can be seen from
Fig. 10, considering constant parameters of heating may lead to unacceptable errors. Our next work in this field will be
aimed at a deeper sensitivity analysis of the problem with the aim of mapping the influence of particular nonlinearities on
the accuracy of results.
Unfortunately, none of the results presented in the paper could be verified at present. We tried to model the process
by the software COMSOL Multiphysics, which is possible for material properties independent of the temperature (the
corresponding results agree with those shown in Fig. 10). But computations with all nonlinearities failed due to very poor
convergence of the iteration process. For this reason, we are trying to find an appropriate manufacturer who would allow
verifying such results experimentally.
P. Karban et al. / Journal of Computational and Applied Mathematics 236 (2012) 4725–4731 4731
Fig. 10. Comparison of the nonlinear solution with linear solutions obtained for constant physical parameters of material corresponding to the given
temperatures (radius 8.5 mm).
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